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COMPUTATION OF STAGE-DISCHARGE RELATIONSHIPS
AFFECTED BY UNSTEADY FLOW!

D. L. Fread?

ABSTRACT: The dynamic relationship between stage and discharge which is unique to a
particular flood for a selected station along the river can be determined via a mathematical
model based on the complete one-dimensional equations of unsteady flow, i.e., the equations
for the conservation of mass and momentum of the flood wave, and the Manning equation
which accounts for energy losses. By assuming the bulk of the flood wave moves as a kinematic
wave, the need for spatial resolution of the flood can be eliminated, and only the time variation
of either the discharge or stage at the selected station is necessary for the computation of the
other. The mathematical model can be used in river forecasting to convert the forecast dis-
charge hydrograph into a stage hydrograph which properly reflects the unique dynamic stage-
discharge relationship produced by the variable energy stope of the flood discharge. The model
can be used also in stream gaging to convert a recorded stage hydrograph into a discharge
hydrograph which properly accounts for the effects of unsteady flow. The model is applied to
several observed floods at selected stations along the Lower Mississippi, Red, and Atchafalaya
Rivers. The root mean square errors between observed and computed discharges are in the range
of 3 to 7 percent, values well within the accuracy of the observations. A simple, easily-applied
graphical procedure is also provided for estimating the magnitude of the effect of the unsteady
flow on stage-discharge ratings. As a general rule, the dynamic effect may be significant if the
channel bottom slope is less than 0.001 ft/ft (about S ft/mi) when the rate of change of stage is
greater than about 0.10 ft/hr.

(KEY TERMS: open channel flow: unsteady flow equations; stage-discharge ratings; loop
ratings.)

INTRODUCTION

Hydrologists are frequently concerned with the conversion of flood discharges at
selected locations along a river into corresponding stages or vice versa. This is accom-
plished via a known relationship between stage and discharge which is applicable for a
particular location. Unfortunately, the stage-discharge relationship is not always a simple,
single-valued relationship, i.e., a single value of stage does not correspond to a single value
of discharge nor does the relationship remain constant for each flood. Such a condition is
prevalent during floods in rivers having mild channel bottom slopes and is manifested as a

lPaper No. 74071 of the Water Resources Bulletin. Discussions are open until October 1, 1975.
2Research Hydrologist, Hydrologic Research Laboratory, National Weather Service, NOAA, Silver
Spring, Maryland 20910.
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loop in the rating curve. the graphical representation of stage as a function of. the dis-
charge as shown in Fig. 1. The loop is a manifestation of a hysteresis effect resulting from
the variable energy slope associated with the dynamic inertia and pressure forces of the
unsteady flood discharge. It will be termed ““dynamic loop™ herein to distinguish it from
those Ia;ops which are attributed to alluvial bed form changes [Simons, 1961], variable
backwater effects. channel storage. and retumn of overbank flow [Corbett. 1943].

The dynamic loop has received attention in the literature. e.g.. Linsley. et‘al. [l‘)4")].
Corbett [1943]. and Henderson [1966] : however. the proposed methods of computing
the dynaniic effect in stage-discharge relations are-either over simplified or lack gener-
ality. This paper presents a general and powerful mathematical model .bused on the
complete one-dimensional equations of unsteady flow for computing either slijge or
discharge when the temporal variation of the other is specified (observed or prcdlct‘ed).
The model is then tested to see if it can reproduce some observed stage-discharge relation-
ships severely affected by the dynamics of an unsteady flood discharge.

THEORY

A unique. dynamic stage-discharge relation for a particular location u]ong. a ch:{nncl
can be determined via a mathematical model based on the complete one-dimensional
equations of unsteady flow and the Manning equation. which accounts fo‘r energy losses
due to the resistance of the channel boundary. These equations are derived in several
rel‘erehces, e.g.. Chow [1959] and Henderson [1966], and are simply stated herein as:
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Figure 1. Stage-Discharge Relation with Hysteresis Loop
Due to Changing Discharge.
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and the Manning equation,

Q = 1486 5 g2/ 512 (3)

In the above equations, x is the distance along the channel, in ft: t is the time, in sec; A is
the channel wetted cross-sectional area. in ft?; B is the width of the channel at the water
surface, in ft: h is the water surface elevation above a datum plane. in ft:y is the depth of
flow, in ft: Sis the energy slope, in ft/ft: V is the mean velocity of flow, in ft/scc;So is
the effective channel bottom slope, in ftfft: Q is the discharge, in ft3/sec; R is the
hydraulic radius, in ft; n is the Manning roughness coefficient, in sec/ft!’3 : and g is the
acceleration due to gravity, in ft/sec?.

In the development that follows, the following assumptions are made for a short
section of channel containing the gaging station or forecast point:

1) lateral inflow or outflow is negligible
2) the channel width is essentially constant:i.e., 3B/dx ~ Q:

3) energy losses from channel friction and turbulence are described by the Manning
equation;

4) the geometry of the section is essentially permanent; ie., any scour or fill is
negligible;

5) The bulk of the flood wave is moving approximately as a kinematic wave which
implies that the energy slope is approximately equal to the channel bottom slope;
and ) :

6) the flow at the section is controlled by the channel geometry, friction, and bottom
slope and by the shape of the flood wave.

An expression for the energy slope is obtained by rearranging Eq (2) in the following
form:
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The four terms on the right side of Eq (4) represent the componenet slopes which
produce the variable energy slope S due to changing discharge. From left to right, respec-
tively, the four slopes are attributed to: gravity force, pressure force, convective (spatial)
acceleration, and local (temporal) acceleration.

Using assumption (2), Eq (1) may be expressed as:
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Upon substituting Eq (S) and V = Q/A in Eq (4), the following expression for the
variable energy slope S is obtained:

s=s, + (B2 .12, BQ 3 _13Q/A) (6)
oA 3 Gp23t g Ot

Information concerning the characteristics of either the stage or discharge hydrograph
generally is available only at the location for which the rating curve is reguired. Such lack
of spatial resolution of the hydrograph requires that the derivative terms with respect to x
in Eqgs (4) and (5) be replaced by equivalent expressions which can be evaluated from the
available information. Henderson [1966] shows that, if the bulk of the flood wave is
moving approximately as a kinematic wave, the following expression may be used to
eliminate the need for spatial resolution of the specified hydrograph:
dy -1 9h 25

ax ¢t 32 (7

in which c is the kinematic wave velocity and r is the ratio of the channel bottom slope to
an average wave slope.

The kinematic wave velocity ¢ may be determined from observations of the time
interval between equal rises in stage, h, at gaging stations along the channel. Also. ¢ may
be computed from a relationship given by Henderson [1966] and Chow [1959]:

c=14dQ ()
B dh

where dQ/dh is the slope of the single-value rating curve. If the channel is assumed to be

prismatic, the kinematic wave velocity can be computed directly by substituting Eq(2)in

Eq (8). After differentiation, the following is obtainned:

¢c= KV =KQ/A (9)
where
K =2.2A 4p/dh (10)
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and the hydraulic radius R is approximated by the hydraulic depth D:i.c.,
R~D=A/B (1D

This is a good approximation of the hydraulic radius for large channels and will be used
herein. If the hydraulic radius is used in lieu of the hydraulic depth, the term dB/dh in Eq
(10) would be replaced by dP/dh, where P is the wetted perimeter of the channel
cross-section; and, the term B2 would be replaced by the product PB. From an inspection
of Eq (10) it is evident that K has an upper limit of about 1.7 when dB/dh is negligible

and a lower limit of about 1.3 for a triangular-shaped channel. It has been observed that
K can be approximated as 1.3 for many natural channels [Corbett, 1943; Linsley, et al.,
1949]. Although there are a number of methods for determining the kinematic wave
velocity, Eq(9) is used in this study.

The value of r in Eq (7) may be taken as a constant for a particular channel. Typical
values of r range from 10 to 100. It is used in Eq(7) as part of a small correction which
accounts for the fact that a typical flood wave is not exactly a kinematic wave. To arrive
at a value for r, the wave slope is approximated from the characteristics of a typical flood
event for a particular channel location. The wave slope is determined by dividing the
height of the wave by its half-length, the latter obtained by assuming that the wave travels
as a kinematic wave during the interval of time from the initiation of the wave to the
occurrence of the wave peak at the location of concern. The half-length is determined
from the product of the average kinematic wave velocity and the time to peak stage. Eq
(9) is used to determine the average kinematic velocity ; with Q and A taken as the average
values during the flood event and K assumed equal to 1.3. Hence, the following
expression is obtained for evaluating r:

- 56200 (%p+ Qo) g (12)
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in which Q is the discharge prior to the start of the typical flood, in ft3/sec; Q. is the
peak discharge of the typical flood, in ft*/sec: h, is the stage prior to the starPof the
typical flood, in ft: h_ is the peak stage of the typical flood, in ft; A is the wetted
cross-sectional area associated with the average stage, (hy + h )/2, in ft?; and 7 is the
interval of elapsed time from the beginning of a rise in stage until the occurrence of the
peak stage, in days.

Since ¢ and r are defined by Egs(9) and (12), Eq(7) can be substituted in Eq (6), with
the partial derivatives in the latter replaced by a finite difference expression. After some
rearrangement, the following equation is obtained:
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where K is given by Eq(10); At is the computational time step, in sec; Q' is the discharge
at time t-At, in ft3/sec; A’ is the cross-sectional area at time t-At, in ft*; and 8hg is the
change in water surface elevation during the At time interval, in ft/sec, and 5hs=(h-h')/At,
where h' is the stage at time t-At.

Eq (13) is the expression for the variable energy slope S which is caused by varying
discharge. All of the terms on the right side of the equation except S account for the
effect of the dynamic characteristics of the flow. If the flow is steady (unchanging with
time) the energy slope is constant and equivalent to the bottom slope, S . This is evident
from Eq (13) since all terms on the right side of the equation except the first term vanish
when the flow is steady:ic., Q' = Q.8h =0, and 1 is infinitely large since the wave slope
vanishes for steady uniform flow.

The dynamic relationship between stage and discharge can be determined from the
Manning equation wherein the energy slope is evaluated using Eq (13). In this paper, the
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1o radius is approximated by the hydraulic depth. Upon substituting Eq (13) and
ivinto Eq (3), the following is obtained:
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14) can be used to determine either dishcarge when the rate of change of stage is
" tas in stream gaging) or stage when the rate of change of discharge is known (as in
 forecasting).

" (14) is used to determine the discharge when the stage is specified (observed or
+ +~d). the known quantities consist of constants (SO, 1. g. At): known functions (A,

") of the specified stage h, and known quantities (Q', A’. h") associated with the

“t. The only unknown is Q.

4 (14) is used to determine the stage when the discharge is specified, the known
tities consist of constants (So, 1. 8, At), the specified discharge Q, and the quantities

h') associated with the time t-At. The terms (A, B, n. K) are functions of the
own stage. '

+ ~ach of the above cases, the equation is nonlinear with respect to the unknown

1. Thus, an explicit solution is not possible: therefore, an iterative solution via a
"I computer is required. A very efficient solution can be obtained via Newton Itera-

[tsaacson and Keller, 1966]. Details of the application of the Newton Iteration
wique are presented by Fread [1973]. A Fortran IV computer program which
i Ios either the computation of discharge from a specified stage or vice versa is also
-ty Fread [1973].

1 (14) differs from other equations given in the literature, e.g. Linsley et al. [1949],
-1, [1943]. which use only gravity and pressure forces in the computation of the
f1: energy slope, i.e. only the first two terms of Eq(4). In Eq(14), the energy slope

“nated using gravity, pressure, and inertia forces. This feature enables Eq (14) to be

accurate for the computation of stage-discharge relationships associated with the
il flood flows and to be capable of treating those flows in which the inertia terms

I-\minant such as hurricane surges, reservoir releases, and dam failures. Also, the other
ions presented in the literature provide only for the computation of discharge. In
1per, Eq (14) is used to compute either stage or discharge via the Newton Iteration

iique.

APPLICATIONS

i cither application of Eq (14) to determine the dynamic relation of stage and

i nige, the following information is required:

v the effective bottom slope S determined from a low flow water surface profile; if
the low flow profile is noticeably affected by the irregularity of the channel
hottom, the high flow profile should be used:
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area and width with stage. and linear interpolation will provide any intermediate
values required during the computation of the stage-discharge relation.

o)
-

the Mamning’s coefficient n can be computed via Eq (3) from observed stages and
discharges where Q is the discharge associated with a mean single-value rating curve
and S is assumed for the energy slope S: n is expressed as a linear function of
stage, i.c.. '

gy -npy)
“]Ll - hLo)

n = ”ln +

(h 'hLo) (15)

where N, is the n value associated with the stage "Lo and ny | is the value
gssociated with the stage hy |- The n-h relation may vary su fficiently to require two
lincar relations. ie. Eq (135) for a lower range of stage hy ,<h< hy 2 and a similar
equation for an upper range in stage hy, <h < hypand v ‘

4
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ll.]C specitied (observed or predicted) stage or discharge hydrograph: the predicted
d}schurge hydrograph may be the product of some hydrologic flow routing tech-
nique such as the Muskingum method.

kq (14) was tested on several stage-discharge relationships at several locations where
t~hc stage-dlﬁchurgc relation is significantly aftected by unsteady flow. The floods selected
for testing Eq (14) caused minimal scour and fill at the selected locations.

FABLE 1. Cross-Section and Hydraulic Data tor Locations
on the Lower Mississippi, Red, and Atchatalaya Rivers.

Location S Yea
o R . T TR S to hpep booA 8
Missiasippi River 16.0 72500, 3000
tarbert Lunding. 00000143 1967 10156 no1<4? 5 < . a0 3 ‘
L : R 340 134000 3540
Louiviang y
41.2 164000, 3630.
480 200000, 3690,
. IS0 S8300. 3026
Mississippi River 16.0 SROO00 1(:(—(:
Red River Landing, 0 0000143 1963 0.080% 00113 18 <0 ‘ - " iéo.
e k 1o . K . IR0 64400, 3160,
Louisiang ;
19.0 68000. 3360.
30.00 104000, 3420,
37.0 133500, 4310,
44.0 163300, 4400,
Red River
¢ L» 45.0 4800.  463.
‘\]L;.In‘?”u. HO000233 1966 1,03} oy 45 SS 00180 00130 Ss RO 52.0 8300 528
oulsiang . . ) ' e
60.0 13000.  576.
80.0  26600. 696.
Atchatalaya River 10 20000 96
\ . 2 . 0.
Slmlmcs.pf)rl. 0.0000211 1964 0.0395  (1.0196 S.1601 00196 00143 161 40 200 42100, 1250
-ouistina - ' a0 6000 1425,
40.0 66000, 1425,

. Using the information shown in Table 1 and observed stage-hydrographs, stage-
discharge rating curves and discharee hvdrooranhe wern oo g d oo 1 o o 0T8T



+- harge relationship for Tarbert Landing (river mile 306.3) on the Lower
'rpi River is shown in Fig. 2. The solid line representing the computed rating curve
* tlood of 1967 was obtained by: 1) using Eq (14) to compute the discharge
t1ph shown in Fig. 3 from the specified multiple-peaked stage hydrograph shown
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Figure 2. Stage-Discharge Relation for Mississippi River,
Tarbert Landing, Louisiana, (2/1/67 — 8/3/67).

~0 300 400 580

© OBSERVED
— COMPUTED

Compariéon of Computed and
Observed Discharges: o
Root mean square error__3.2%

} Il
} 3 Il Il i { } } t

T 1
20 40 60 80 100 120 140 160 180

t-Time(days) »

Figure 3. Discharge Hydrograph for Mississippi River,
Tarbert Landing, Louisiana, (2/1/67 — 8/3/67).

in the insert of Fig. 2 and 2) plotting the observed stage against the computed discharge.
Measured values of stage and discharge are shown in Fig. 2 also. The computed rating
curve has a substantial dynamic loop, e.g. the discharge value of 450,000 cfs has two
associated stages. one on the rising limb and one on the recession limb of the specified
stage hydrograph. which differ by approximately 5 ft. The loop rating curve has irregu-
larities which reflect each variation in the rate of change of the stage hydrograph. Each
peak of the specified hydrograph produces a different loop in the rating curve. A compar-
ison of the computed and observed discharges is shown in Fig. 3 where the root mean
square (rms) error is approximately 3 percent.

At Red River Landing (river mile 302.4) on the Lower Mississippi River, the 1963
observed stage hydrograph, shown in the insert of Fig. 4. yields the computed stage-
discharge rating curve of Fig. 4. The dynamic loop is rather significant: for a discharge of
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Figure 4. Stage-Discharge Relation for Mississippi River,
Red River Landing, Louisiana, (3/11/63 — 5/13/63).

450,000 cfs, the maximum difference between stages of the rising and falling limbs of the
hydrograph is about 9 ft. This is a result of the rather severe rate of change of stage which
exists for both the rising and the recession limbs of the stage hydrograph. Also, noticeable
variations in the rate of change of the stage hydrograph are reflected as irregularities
superimposed on an otherwise smooth single-looped rating curve. The computed dis-
charge hydrograph, shown in Fig. 5, compares with measured discharges quite well, the
rms error being 1.6 percent.

At Alexandria (river mile 104.4) on the Red River, the single-peak and uniform varia-
tion of the observed stage hydrograph of 1966, shown in the insert of Fig. 6, yields the
smooth single-loop rating curve shown in Fig. 6 and the computed discharge hydrograph
of Fig. 7. The rms error of the computed versus observed discharges is 4.6 percent.



900
© OBSERVED
— COMPUTED
Comparison of Computed d
4 8004 O%seprveé Disd\orgg:: en
. Root mean square error__1.6%
o
o
8 7004
T.
o
£ 600+
M
g
1
o 5004
400+
3004
200 } + } t t t
0 10 20 30 40 50 60

t-Time (days) -

Figure 5. Discharge Hydrograph for Mississippi River,
Red River Landing, Louisiana, (3/11/63 - 5/13/63).

The 1964 observed stage hydrograph at Simmesport on the Atchafalaya River, shown
in the insert of Fig. 8, results in the computed rating curve of Fig. 8. The irregularity of
the stage hydrograph causes the computed rating curve to contain several small loops and
other irregularities. The dynamic loop of the rating curve has a maximum difference of 8
ft in rising and falling stages corresponding to the single discharge value of 200.000 cfs.
The irregularities observed in the stage hydrograph are reflected in the computed dis-
charge hydrograph of Fig. 9. The computed and observed discharges have an rms error of
7.5 percent. ‘

In each of the above applications, the dynamic loop of the computed stage-discharge
rating curve is quite significant. This occurs, even though the maximum rate of change of
stage is of the order of a few feet per day, because the effective bottom slope at each
location is very mild. The importance of the bottom slope and the rate of change of stage
will be discussed later. Equation (14) provides computed discharges which agree closely
with the measured values, the average rms error being approximately 4 percent.

ESTIMATED MAGNITUDE DYNAMIC LOOP

In this section, a simple graphical procedure is developed to estimate the magnitude of
the dynamic loop. This magnitude is denoted by Ah as shown in Fig. 1: Ah is the
difference between the stage associated with the single-value rating curve and the stage (at
the same discharge) associated with the rising or recession limb of the hydrograph. The
graphical procedure is based on simplifying assumptions concerning the dynamic relation-
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Figure 6. Stage-Discharge Relation for Red River,
Alexandria, Louisiana, (4/13/66 — 7/1/66).

ship between stage and discharge. however. it is intended to provide an approximate value
for Ah so that it may be determined if Eq (14) need be used for a particular river station
- and flood event.
If the hydraulic depth D is substituted for the hydraulic radius in Eq(3), the following
expression for D is obtained:

0.6
p=[-Qn | " g03 (16)
1.486 B
Then. by assuming a small change in hydraulic depth is equivalent to a small change in

stage (i.e. Ah = AD) and evaluating Q in Eq (16) via Eq (3) in which R is replaced by D
and S by S, the following approximation for Ah can be obtained:

S
Ab ~ D I -(»g) 0.3) (17)

in which the eneigy slope S is approximated by:




© 140 - SE D
ECO 6 ted and
om a
O%Tg?vre" "D?sgmrggse "

Root mean square error__4.6%
120 4

100 -

Q - Discharge (1000cts) =

60 -

40

20 4

Figure 7. Discharge Hydrograph for Red River,
Alexandria, Louisiana, (4/13/66 — 7/1/66).
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S = S, + 8hy (18)

Eq (18) is a simplification of Eq (13) obtained by assuming: 1) K = 1.3, 2) Q is evaluated
via Eq (3) in which S is replaced by S, and 3) all terms on the right side of Eq (13)
except the first two may be neglected.

An inspection of Eqs (17) and (18) indicates that the independent parameters neces-
sary to approximate the magnitude of Ah are: S, 8hy D, and n. Thus, by allowing these
parameters to assume values which encompass the practical range of each, Eqs (17) and
(18) may be used to determine the Ah associated with various. parameter values. The
results of these computations are summarized by the family of graphical relationships
shown in Fig. 10. The curves of Fig. 10 can be used to determine Ah for any combination
of the relevant parameters (S, 8h, D, and n). The following example illustrates the use of
Fig. 10 to estimate the magmtude of the dynamic loop:
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Figure 8. Stage-Discharge Relation for Atchafalaya River,
Simmesport, Louisiana, (1/7/64 - 6/16/64).
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Figure 9. Discharge Hydrograph for Atchafalaya River,
Simmesport, Louisiana, (1/7/64 - 6/16/64).

The approximate value of Ah is to be determined when 5,=0.00008,D=20.0ft.n=
0.020, and 6h = 1.0 ft/hr. First, the parameter D*? g computed to be 368. With this
value, and the given value of &h, Graph A is uSed to obtain a value of 0.82 for Ko-
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then. with the value ot K and the given value of 5, Lraph B 1s used to obtain a value

of 0.000137 for S. Finally, the ratio SO/S is computed to be 0.584 and this value,

along with the given value of D. is used in Graph C to obtain the Ah value of 2.9 ft.

The curves of Fig. 10 can be used to study the sensitivity of the parameters (Ah, Sy D.
n) in Egs (17) and (18). If values of D and n are selected and held constant while §h and
S,, are allowed to vary, it is found that:

1) Ah increases as 8h increases for a constant value of S ;:

2) Ahincreases as S_0 decreases for a constant value of §h;
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Figure 10. Generalized Graphical Estimation
of Magnitude (&h) of the Dynamic Loop.

o) Al by sigiiiicant (say less Uit about U1 1Y) when oO/U.UUl 101 1ost Haturalty
occurring values of §h, say 0<BGh<4 ft/hr;

4) Ah may be significant when 0.0001<S _<0.001 for 0.1<8h<3 ft/hr: and
Sy Alis significant when S | < 0.0001 for 5h>0.05 ft/hr.

If values of S and 8h are selected and held constant while D and n are allowed to
vary. it is found that:

1) Ah increases as 1) increases for a constant value of n:and

2) Ah increases as n increases for a constant value of D.
SUMMARY AND CONCLUSIONS

From the equations of unsteady tlow. a mathematical model is developed which
computes either stage or discharge if the other is specified along with the channel slope,
crossssectional properties and Manning’s n. The model simulates the dynamic relationship
which exists between stage and discharge due to the effect of a variable energy slope
coused by changing discharge. This effect. which is often observed as a loop in stage-
discharge rating curves. was accurately modeled in several test applications: however,
caution must be exercised when applying the model to locations where significant scour.
fitl and/or bed form changes oceur since the model is only as accurate as the specified
data.

The model can be used in forecasting to convert the forecast discharge hydrograph
into a stage hydrograph which properly reflects the dynamic relationship which exists
between stage and discharge due to a variable energy slope. Also. the model can be used
in stream gaging to convert an ohserved stage hydrograph into a discharge hydrograph
when the effect of changing discharge is significant.

A convenient graphical procedure is given to estimate the magnitude of the changing
discharge effect on stage-discharge ratings. This is useful in determining if the magnitude
of the dynamic loop warrants the use of the mathematical model. The magnitude of the
dyanmic loop has been found to be related inversely to the channel bottom slope. and
directly to the rate of change of stage. the hydraulic depth. and the Manning’s n. As a
general rule. the dynamic loop may be significant if’ the channel bottom slope is less than
0.001 U/t (about 5 ft/mile) and the rate of chuange of stage is greater than about 0.10
ft/hr.
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